
Solid State Formula Sheet: Foundations, Bands, Carriers

Math and Statistics

nB(ε) =
1

eβε − 1
, f(E) =

1

e(E−µ)/(kBT ) + 1
.

State density in k-space: (L/2π)d per branch; include degeneracy
separately. Shell measures: 2 dk, 2πk dk, 4πk2 dk in 1D, 2D, 3D.

sin(α± β) = sinα cosβ ± cosα sinβ

cos(α± β) = cosα cosβ ∓ sinα sinβ

sin 2θ = 2 sin θ cos θ, cos 2θ = 1− 2 sin2 θ = 2 cos2 θ − 1

1− cosx = 2 sin2(x/2), 1 + cosx = 2 cos2(x/2).

cosA+ cosB = 2 cos
A+B

2
cos

A−B

2
.

Taylor: ex ≃ 1+x, sinx ≃ x, cosx ≃ 1−x2/2, (1+x)α ≃ 1+αx.
Einstein and Debye
Einstein: independent oscillators at one ω0; Debye: elastic con-
tinuum, acoustic ω = vsk with cutoff for 3N modes.

TE = ℏω0/kB

CE = kB
(TE

T

)2 eTE/T

(eTE/T − 1)2
.

CD = 9NkB
( T

TD

)3
∫ TD/T

0

x4ex

(ex − 1)2
dx

x =
ℏω
kBT

.

Limits: Cp ≈ 3NkB at high T ; Cp ∝ T 3 near 0.
Harmonic Approximation

U ≃ U0 +
1

2
κ(r − r0)

2, F = −κ(r − r0)

F = −κa δL
L
, β = − 1

L

∂L

∂F
=

1

κa

vs =

√
1

ρβ
=

√
κa2

m
.

Drude Transport
Classical free carriers with relaxation time τ ; ignores Pauli filling
and bands.

mv̇ = −mv/τ − e(E+ v ×B)

j = −env = σE, σ =
ne2τ

m
= neµ, ρxx =

m

ne2τ

ρxy = −ρyx =
B

ne
= −RHB, RH = − 1

ne
.

Sommerfeld Electrons
Quantum free-electron gas; thermodynamics comes from a kBT
shell near EF .

ε(k) =
ℏ2k2

2m
, pF = ℏkF , vF =

ℏkF
m

kF = (3π2N/V )1/3, εF =
ℏ2k2F
2m

, TF = εF /kB .

T = 0: filled up to εF ; for metals at room T ≪ TF , µ ≃ εF .

g3D(ε) =
V m3/2

√
2ε

π2ℏ3
, Ce ≈ 3NkB

T

TF
∝ T.

Electronic heat: Ue =
∫
E g(E)f(E) dE, Ce = dUe/dT .

Parabolic DOS: g1D ∝ ε−1/2, g2D = const., g3D ∝
√
ε.

Bands, DOS, Effective Mass

vg =
1

ℏ
∂E

∂k
, m∗ = ℏ2

(
∂2E

∂k2

)−1

g(E) =
dN

dE
=
dN

dk

∣∣∣∣ dkdE
∣∣∣∣ , g1D =

L

π

∣∣∣∣ dkdE
∣∣∣∣

g2D =
Ak

2π

∣∣∣∣ dkdE
∣∣∣∣ , g3D =

V k2

2π2

∣∣∣∣ dkdE
∣∣∣∣

per branch, before spin/valley degeneracy. For phonons use
E = ℏω: g(ω) = ℏg(E). Van Hove singularities occur where
vg = 0.

LCAO and Tight Binding
Localized orbitals; weak hopping broadens atomic levels into
bands. For two identical orbitals,

Heff =

(
E0 −t
−t E0

)
, |ψ±⟩ =

|1⟩ ± |2⟩√
2

E± = E0 ∓ t.

For t > 0, ψ+ bonding, ψ− antibonding. A 1D chain:

E(k) = E0 − 2t cos(ka), E0 − 2t < E < E0 + 2t

E ≃ E0 − 2t+ t(ka)2, m∗ =
ℏ2

2ta2
.

One band from N atoms holds 2N electrons incl. spin.
More atoms/cell give more branches; phonons split into acous-
tic/optical branches.
Bloch and Nearly Free Electrons
Weak periodic potential; gaps open where free-electron states dif-
fer by G.

H =

(
E0 + vℏδk W

W ∗ E0 − vℏδk

)
E± = E0 ±

√
(vℏδk)2 + |W |2, ∆E = 2|W |

W = VG =
1

a

∫ a

0

e−iGxV (x) dx.

Periodic potentials couple states differing by G. Bloch:

ψα
k (r) = uα

k(r)e
ik·r, uα

k(r+R) = uα
k(r).

Eα(k) is periodic under k → k+G.



Solid State Formula Sheet: Crystals, Doping, Devices

Crystal Structure

R = n1a1 + n2a2 + n3a3, Vcell = |a1 · (a2 × a3)|

Crystal = Bravais lattice + basis; atom positions R+ rj .

Fpack =
NatomVatom

Vcell
, Vatom =

4πR3

3
.

(hkl) intercepts: a1/h,a2/k,a3/l. Cubic:

dhkl =
a√

h2 + k2 + l2
.

Reciprocal Lattice

ai · bj = 2πδij , Ghkl = hb1 + kb2 + lb3

b1 = 2π
a2 × a3

Vcell
, b2 = 2π

a3 × a1

Vcell

b3 = 2π
a1 × a2

Vcell

dhkl = 2π/|Ghkl|.

Diffraction

∆k = G, λ = 2dhkl sin θ

A(G) ∝
∑
R

eiG·R
∑
j

fje
iG·rj = L(G)S(G)

S(G) =
∑
j

fje
iG·rj , I ∝ |S(G)|2.

Insulators and Bands
Filled/empty bands carry no current. Odd electrons/unit cell im-
ply a metal; even electrons may insulate if bands do not overlap.
Electrons and Holes
Hole = missing electron near a valence-band maximum.

Eh = −E, ph = −ℏk, qh = +e, fh = 1− f

fh(Eh) =
1

e(Eh+EF )/(kBT ) + 1
(EF,h = −EF ).

Near a valence-band top, holes have positive m∗ and charge +e.
Parabolic Semiconductor Bands
EG = EC − EV .

Ee = EC +
ℏ2k2

2me
, Eh = −EV +

ℏ2k2

2mh

ge(E) =
(2me)

3/2

2π2ℏ3
√
E − EC , gh(Eh) =

(2mh)
3/2

2π2ℏ3
√
Eh + EV .

Intrinsic Carriers
Boltzmann tails when EF is far from band edges:

ne =

∫ ∞

EC

ge(E)f(E) dE, nh =

∫ ∞

−EV

gh(Eh)fh(Eh) dEh

ne = NCe
−(EC−EF )/(kBT )

nh = NV e
(EV −EF )/(kBT )

NC = 2

(
2πmekBT

h2

)3/2

NV = 2

(
2πmhkBT

h2

)3/2

nenh = NCNV e
−EG/(kBT ) ≡ n2

i , ni =
√
NCNV e

−EG/(2kBT )

Intrinsic: ne = nh = ni.

EF =
EC + EV

2
− 3

4
kBT ln(me/mh).

EF shifts toward the band with smaller effective DOS.
Conductivity
Electron and hole currents add:

j = −neeve + nhevh, σ =
nee

2τe
me

+
nhe

2τh
mh

σ = neeµe + nheµh, ni ∝ e−EG/(2kBT )

EG ≃ −2
d lnσ

d(kBT )−1
.

Two-carrier Hall coefficient:

RH =
nhµ

2
h − neµ

2
e

e(nhµh + neµe)2
.

Dopants
Group-V donors, group-III acceptors. Donor/acceptor levels:

gD(E) = NDδ(E − ED), gA(E) = NAδ(E − EA)

nD = ND
1

e(ED−EF )/(kBT ) + 1

nA = NA
1

e−(EA−EF )/(kBT ) + 1

Charge balance:

ne − nh + nD − nA = ND −NA.

Fully ionized shallow dopants: nD = nA = 0:

ne −
n2
i

ne
= ND −NA.

Extrinsic Limits
If |ND −NA| ≫ ni and ND > NA:

ne ≃ ND −NA, nh =
n2
i

ND −NA

EF = EC − kBT ln

[
NC

ND −NA

]
.

If NA > ND:

nh ≃ NA −ND, ne =
n2
i

NA −ND

EF = EV + kBT ln

[
NV

NA −ND

]
.

Decreasing T : intrinsic, extrinsic, freeze-out, zero-T . Intrinsic
if |ND − NA| ≪ ni; extrinsic if |ND − NA| ≫ ni. Freeze-out:
kBT ≪ EC − ED for donors.
Hydrogenic Dopants

r∗B =
ϵme

m∗
e

rB , Ebind ≃ − m∗
e

meϵ2
RE .

PN Junctions and Diodes
At equilibrium EF is constant; band bending creates a depletion
region.

I = I0

[
exp

(
eV

kBT

)
− 1

]
.

Forward bias: positive terminal to p side; reverse bias gives sat-
uration current.
Optical Gaps
Direct gaps conserve crystal momentum; indirect gaps need
phonons.


